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ABSTRACT

This research paper describes the mathematics teacher knowledge
transformation when computer science concepts are integrated
with mathematics. During the last decade, schools and educators
made a significant effort to introduce Computer Science (CS) and
Computational Thinking (CT) in K-12. While this effort produced
some positive results in schools where resources and specialized
educators are available, there are school districts where creating
new classes and/or hiring specialized teachers is not a sustain-
able option. This creates a need for teachers that are specialized
in one subject area to expand their knowledge into CS and CT,
and teach these concepts in their classes. This knowledge expan-
sion and integration should result in creating integrated curricula
using their subject matter knowledge and the newly acquired CS
knowledge. This implies that the teacher should be able to identify
the intersection of concepts between the two fields, and leverage
their difference and similarities to promote deep learning for their
students. The current study explores how the teacher candidates’
technological, pedagogical content knowledge (TPACK) in mathe-
matics is affected when mathematical concepts are integrated with
CS and CT. This study is a three-day intervention in a graduate
level secondary mathematics education methods course, where uti-
lizing Math + CS integrated modules we infuse CS concepts into
mathematics. The already known mathematics context reduced the
cognitive load for familiarizing the teacher candidates with CS, and
the integration of the CS concepts provided a different perspective
for thinking about mathematics and teaching. After having the
teacher candidates reflecting on the concepts of Variable and Equal
Sign (=), our results showed that they started noticing the differ-
ences and nuances between the two fields, developing this way
their interdisciplinary Math + CS TPACK (I-TPACK) knowledge.
Furthermore, the study showed that representing multiplications
using repetition structures illuminated the internal mechanic of
multiplication and its properties. Finally, the experience with the
strict grammar and syntax rules of programming illuminated the
areas in the teacher candidates mathematics instruction that were
ambiguous in the way they teach variables, equations, percentages,
and multiplication.
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1 INTRODUCTION

Digital technology provides to our society the means to create bet-
ter products, communicate faster and more efficient, access more
information, and have better control of our lives [38]. However, the
prevalence of digital technologies in our everyday lives has resulted
in a high demand of citizens who are fluent in Computational Think-
ing (CT) and understand concepts related to Computer Science (CS)
[40-42]. To meet this demand, countries around the world have
tried to find ways to introduce CT and CS in K-12 and implemented
policies as a commitment to this goal [12, 36]. One challenge has
been to expand the knowledge of teachers specialized in one sub-
ject area to CS and CT, so they can integrate CS and CT into their
teaching. In this study, we use Math + CS modules to introduce the
CS concepts of variable, input/output, and repetition embedded into
the mathematical concepts of principle investment and geometrical
shapes. To provide a deeper understanding of mathematical and
CS concepts we integrated Math + CS, and we use programming
as a tool for expressing and visualizing mathematical concepts in
the context of CT and CS. We explore how secondary mathematics
graduate teacher candidates’ technological, pedagogical content
knowledge (TPACK/TPCK) is shaped through their experiences
with the Math + CS modules in a graduate-level teaching methods
class focused on mathematics pedagogy and technology. Specifi-
cally, we aimed to answer the following question.

How does graduate teacher candidates’ mathematics TPACK knowl-
edge transforms when they interact with Math+CS integrated modules
in a secondary mathematics teaching methods course?

2 TEACHER KNOWLEDGE

2.1 Knowledge Domains for Teaching

In 1986 and 1987, Lee S. Shulman defines the Pedagogical Content
Knowledge (PCK) for teaching as:

“the blending of content and pedagogy into an understanding of how
particular topics, problems, or issues are organized, represented, and
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adapted to the diverse interests and abilities of learners, and presented
for instruction. Pedagogical content knowledge is the category most
likely to distinguish the understanding of the content specialist from
that of the pedagogue” [34, 35].

In 2006 after witnessing the integration of technology into in-
struction, Punya Mishra and Matthew J. Koehler introduce the
technological pedagogical content knowledge (TPCK or TPACK)
[20, 21, 25, 26]. TPACK complemented PCK by adding technological
knowledge as a new knowledge domain. Education researchers ex-
amined how the technological knowledge domain got infused and
transformed the other knowledge domains. The studies resulted to
professional development programs, development of curricula and
assessments to support teachers [5, 19, 24, 27, 28]. In Europe, the
European Digital Competence Framework (DigCompEdu) is used
to pinpoint the digital competences educators need to master to
incorporate digital technologies into their subject matter, as well
as teach their students how to use those digital technologies [30].
The framework consists of 22 basic competences organized into
six areas. Area 1 addresses educators’ professional environment
and the way educators use digital technology to engage with peo-
ple in that environment other than teaching. These people may
be students, colleagues, parents, and administrators. Area 1 also
addresses the engagement in self-reflection and the digital con-
tinuous professional development (CPD) of the educators. Areas
2-5 focus on the competences educators need for pedagogical pur-
poses. Areas 6 addresses the transfer of those digital competences
to the students through specific pedagogical guidance. The TPACK
and DigCompEdu frameworks are useful for developing teachers’
knowledge within a content area; however, they are not suitable
for X + CS integration. A recent study introduces the CTIntegra-
tion framework for integrating computing and CT within a host
discipline [17]. The framework is based on the five integration
elements: 1. Understanding complex systems, 2. Innovating with
computational representations, 3. Designing solutions that leverage
computational power and resources, 4. Engaging in collective sense-
making around data, 5. Understanding potential consequences of
actions. However, the CTIntegration framework only considers the
content and pedagogy knowledge domains, without taking into
account technology knowledge domain. While research exists on
frameworks for integrating CS and CT into K-12, these studies focus
on 1. teaching CS and CT as a standalone course [2, 37], 2. isolate
CT as a problem solving process in K-12 classrooms [10, 18, 22], 3.
consider CS and CT as parts of the technological knowledge and
used as tools for enhancing pedagogical purposes [4, 6, 7, 32], and
focus only one some knowledge domains [17].

To address the need of teaching CS where CS as a standalone course
cannot be introduced, and to broaden the participation in CS by
showing its relevance and connections with other fields, there is a
need for a framework that examines and provides guidance for the
integration of CS as a subject matter into other disciplines differ-
entiating it from technology [3]. The integration should not just
focus on enhancing current pedagogical methods or superficially
acknowledge the connections between the disciplines. To broaden
teachers’ knowledge the integration should be structured in a way
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that illuminates the affordances each discipline offers, the differ-
ences in their definitions, and what each discipline’s limitations
are.

2.2 Knowledge for Teaching X + CS -
Theoretical Framework

Integrating CS into another discipline, which we refer to as X + CS,
requires teachers to understand two different subjects and their
relationships. X + CS integrated curricula is more than integrating
technology into the instruction of one subject. An interdisciplinary
X + CS integrated curricula must highlight features of CS and CT
that are common to and offer a different perspective of the X subject
matter to create new solutions and ideas (see Fig. 1 right). Whereas,
a multidisciplinary approach uses features from CS and features
from X to create new solutions and ideas, such as using CS and
psychology to create artificial intelligence (see Fig. 1 left), and a
cross-disciplinary approach applies features from CS to expand
the boundaries of X, like using high-performance computing to
better understand genomics (see Fig. 1 middle). An interdisciplinary
approach goes beyond multidisciplinary and crossdisciplinary ap-
proaches by finding the intersection of features between the dis-
ciplines [31], such as the concept of a function existing in both
mathematics and CS. In an interdisciplinary approach, curriculum
developers and teachers need to explore and understand the CS con-
tent and how to integrate CS content knowledge with existing con-
tent knowledge to form X + CS interdisciplinary content knowledge
[43]. To achieve this, Woods suggests a model of Interdisciplinary
Communicative Competence for forming proper communication
between disciplines. Woods” model consists of eight components.

(1) Conceptual competence: the ability to identify and gather
the appropriate tools and concepts from different disciplines
required to solve the problem at hand.

(2) Competence in negotiating meaning: the ability to conceptu-
alize different meanings of similar terms between disciplines
and articulate those meanings to their audience.

(3) Competence in interdisciplinary text production: the ability
to recognize diversity in literature between disciplines and
to make it accessible to their audience.

(4) Knowledge of how their discipline’s products and practices
shape and can be shaped from perspectives of other disci-
plines.

(5) Skills of interpreting and relating: the ability to understand
and relate products from another discipline, and explain their
intersection with their own discipline.

(6) Skills of discovery and interaction: the ability to acquire new
knowledge of a different disciplinary culture and use that
knowledge in their own interactions.

(7) Attitudes of curiosity and openness: Having the willingness
for engaging in deep understanding of other disciplines that
spans further of just learning about and using their concepts.

(8) Critical disciplinary awareness: the ability to think critically
about practices and products in various disciplines based on
explicit and implicit criteria and perspectives.

Interdisciplinary knowledge construction requires concepts and
methods from different fields integrated and studied together. Linn
et al. presents the knowledge integration (KI) framework with four
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Figure 1: Multidisciplinary, Crossdisciplinary and Interdisci-
plinary Knowledge

processes for forming interdisciplinary knowledge [23], 1. Elicit-
ing ideas: The use of students’ prior knowledge to create relevant
connections with the new knowledge in a learning environment,
2. Adding new ideas: Design activities to add ideas for students
to explore them and form connections between the new and their
existing ideas, 3. Distinguishing ideas: Design activities so students
can reflect on the new ideas and distinguish between those that are
useful for solving the problem and those which are not, 4. Sorting
out ideas: Students have to sort out the connections between shared
ideas to develop a coherent understanding of the subjects.

To teach X + CS integrated curricula, teachers have to integrate
Technology, Pedagogy, Content, and Contexts knowledge from the
subject matters of X and CS, developing their Interdisciplinary -
TPACK (I-TPACK) for the X + CS instruction. Taking into account
the work of Shulman, Mishra, and Koehler, we present a visualiza-
tion of where I-TPACK fits within a teacher’s knowledge domain
(see Fig. 2). As the figure shows, I-TPACK teacher knowledge is a
transformed knowledge which occurs due to integration of con-
cepts from multiple knowledge domains. Each domain interacts
with other domains in a unique way; however with I-TPACK as a
product, we focus on those interactions that are particularly neces-
sary for teaching. The placement of each knowledge domain in the
figure is not coincidental. We argue that teachers need to integrate
their subject matter X with the CS content knowledge to develop
their X + CS content knowledge. Then, using their pedagogical
knowledge, they need to find the most appropriate methods for
teaching their newly developed integrated content knowledge in
order to develop their interdisciplinary PCK. Finally, integrating
technology into their teaching methods and taking into considera-
tion the context for teaching X and CS, teachers develop their X +
CS I-TPACK by engaging in the following steps.

o Acknowledge the relationship between the two disciplines.
The teachers should witness and experience the interactions
of their field and CS. They need to develop an open mindset
and curiosity for exploration how the two fields interact
before attempting any effort for content knowledge integra-
tion.

o Clarify terms, field jargon and develop interdisciplinary defi-
nitions. The teachers need to investigate the common terms
between the fields and identify differences and similarities.
Furthermore, disciplinary jargon terms need to be translated
and explained in a way that people from other fields can
understand them. Finally, they need to create new, interdis-
ciplinary definitions of terms that capture the breadth on
their application in the real world.
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Figure 2: X + Computer Science integrated TPACK (I-TPACK).

o Reflect and develop knowledge. The teachers need to sort
out the new concepts they just acquire and reflect on them
making the necessary connections between them and their
subject matter. They need to examine the similarities and
differences, and find out the affordances each field offers to
each other. They need to not only know what and how a
concept is, but also why it is, and in which ways is relevant
or not. This is the stage where the raw information becomes
the X + CS integrated knowledge.

o Develop material for teaching. Using their pedagogical and
technological knowledge, teachers now create curricula for
teaching their newly developed X + CS integrated content
knowledge. They need to identify the best pedagogical ap-
proaches and technological tools that will unpack and illu-
minate the X + CS concepts.

e Evaluate and fine-tune. At this stage the teachers teach their
material to their students, and based on student assessments
and student feedback make the necessary adjustments to
fine-tune that material for their class.

o Expand. After acquiring their initial interdisciplinary knowl-
edge and interdisciplinary thinking, teachers should expand
their knowledge by finding more connections between their
subject matter and CS expanding their X + CS curriculum.
Furthermore, they could develop their knowledge into fields
other than CS, creating this way a diverse teaching cur-
riculum that could be utilized for teaching diverse student
audiences.

3 METHODOLOGY

To help teachers form their I'TPACK for teaching X + CS, it is
important to create modules that focus on developing all knowledge
domains together, rather than just only one knowledge domain
independent of the others. With this in mind, we present our method
for creating Math + CS modules to develop teachers’ I'TPACK.

3.1 Site and Participants

The study took place in a graduate-level secondary mathematics
methods course in the college of education on a university campus.
The course was an excellent fit for our modules because it inte-
grated a focus on mathematical knowledge for teaching, equitable
instructional skills for diverse learners, and the strategic use of
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Table 1: Student groups and their CS experience.

Group Students CS Experience

GP1 Kim, Shawn Intro to CS, Intro to CS
GP2 Ginny, Rhoda Intro to CS, No exp.

GP3 Cassie, Soria Matlab + Rstudio, No exp.
GP4 Levi, Samantha No exp., No exp.

GP4/GP5 Chad, Taylor No exp., No exp.

technology to support student learning with the Common Core
State Standards for Mathematics. Methods courses are suggested
by the literature as the ideal opportunity for integration of CS and
CT [44]. The graduate teacher candidates were divided into three
groups of two and one group of three, for the first and third day, and
5 groups of two during the second day. The selection of the groups
was made based on their previously noted patterns of participation
in the class they intervention took place. Working in groups draws
from a situative perspective, suggesting that joint participation
in an activity shapes one’s understandings, intentions, and goals
[14-16].

3.2 Coding Environment

After researching different programming environments for their
strengths and drawbacks, we decided that a hybrid environment
was best-suited for our modules. Hybrid environments offer both a
textual and a block-based language interface; thus offering diverse
interaction for teachers and students [1, 39]. In addition, BlockPy of-
fers both block-based and text-based environments simultaneously
with automated translation from one environment to the other, pro-
viding a representational coordination of the code at the same time
[8, 9]. BlockPy uses Python as its programming language; therefore
the teachers can use it in classes of different grades, making it a tool
with a more broad use than a single modality environment [39]. To
familiarize the graduate teacher candidates with the programming
environment, we provided workspace tour document with expla-
nations for all the buttons and different areas of the workspace
and we gave them time to read it and explore the different areas of
the environment Fig. 3. The graduate teacher candidates worked
in pairs, shifting roles between coding and directing, at regular
intervals across the modules.

Instructions

Output

Program Menu

Block Code
Workspace Workspace

Figure 3: The BlockPy programming environment with in-
structions
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3.3 Concept Selection Process

Since the teacher candidates were going to teach the material they
learned from the Math + CS modules in the classroom where they
were doing their student teaching, the first step was to identify
concepts covered in 7th grade secondary mathematics education.
We reviewed the Common Core State Standards for Mathematics
[29] and the curricular material covered in the class where the
teacher candidates were practicing their teaching. We identified the
mathematical concepts of “Ratios and Proportional Relationships”,
“Expressions and Equations”, and “Geometry” and the mathematical
practices of “Reason abstractly and quantitatively”, “Model with
mathematics”, “Attend to precision”, and “Look for and make use
of structure”, and we applied the concepts and practices within
the context of real-world problems, such as principle investment
with simple interest and geometric modeling of polygons, which
the standards suggested as age-appropriate for 7th grade [29]. For
the CS content, we used the CSTA K-12 standards [11], and we
selected the concepts of Variable, Input/Output, Order of Execu-
tion, Repetition (Loops), and Computer Graphics from “Algorithms
and Programming” and the practice of “Developing and Using Ab-
stractions” to help develop a more nuanced understanding of the
mathematical concepts and practices, while also learning about CS
(see Table 2). The complete Math + CS modules are in Appendix 8.

3.4 Three Design Principles for Math+CS
Teaching Modules

When creating our Math + CS mathematics teacher education mod-
ules, we followed three design principles (see Fig. 4). The first
principle was the Coordination of Complexity among concepts. To
promote understanding and conceptualization of the different con-
cepts while reducing the cognitive load in each exercise, we coordi-
nated the complexity between basic mathematics and CS concepts
and practices. Each new computational exercise leveraged existing
understanding of the basic mathematical concepts and introduced
only one new CS concept at a time, and each new concept was
connected to the previous concept(s) to highlight the learning tra-
jectory and make the necessary connections between what was
learned and the new concepts being learned. The second principle

Table 2: 7th-Grade Math and CS Concepts and Practices Cov-
ered

Real-World Context
Principle Investment and Simple Interest
Geometric Modeling of Polygons
Mathematics

Concepts Practices
Ratios and Proportional Relationships ~ Reason abstractly and quantitatively
Expressions and Equations Model with mathematics

Geometry Attend to precision
Look for and make use of structure
Computer Science
Concepts Practices
Algorithms and Programming Developing and Using Abstractions
Variables
Input/Output
Order of Execution
Looping

Graphics
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Figure 4: Design Principles for the Math+CS Integrated Mod-
ules

was the Contextualization of Terms and Concepts. With this princi-
ple, we utilized concepts common to Mathematics and CS within
the context of simple real-world problems, and we showed how the
concepts were similar and different in the two disciplines to better
develop interdisciplinary Math + CS knowledge. The third design
principle we employed for the module design was Iteration to Ab-
straction. Through this process, we provided opportunities for the
learners to iteratively develop solutions that moved from concrete
to abstract thinking. To iteratively develop a generalized solution
for a specific problem requires a deeper understanding of what each
element in the solution represents and forms patterns about how
that element is connected with a larger group of elements across
disciplines and problems.

3.5 Computational Exercises - Module 1

Module 1 began with an introduction to the problem of “Principal In-
vestment and Simple Interest” and the computational exercises. Ad-
ditionally, we provided the graduate teacher candidates a BlockPy
workspace tour document with explanations for all the buttons
and different areas of the workspace environment. Then, we gave
the pre-service teachers and graduate teacher candidates computa-
tional exercises to explore the CS and Math concepts and practices.
After the problem was introduced, the first exercise asked the grad-
uate teacher candidates and undergraduate pre-service teachers to
create one variable to store the name of the person investing the
money and another variable to store the amount the person was
investing. This exercise introduced the concept of variables, the
different types of values variables can store, and the functionality
of the equal sign as an assignment operator in programming, and
in BlockPy, we used the “Trace” feature to highlight these concepts.
We also wanted to generate possible errors that can occur when
teaching students to program and address why the errors occurred
to help build their pedagogical content knowledge for teaching
CS. So, we asked graduate teacher candidates and undergraduate
pre-service teachers to rearrange the operands provided to the
assignment operator and describe what happened when they ex-
ecuted their program. This exercise reinforced the concept of the
equal sign being an assignment operator, introduced the impor-
tance of precise syntax in programming, and enforced the practice
of attending to precision in mathematics.

In the next exercise, we showed how to print variables to the out-
put window, and we asked the graduate teacher candidates and
undergraduate pre-service teachers to print their variables along
with literal values for messages about what they were printing.
Then, we asked the teacher candidates and pre-service teachers
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what happens when they place their instructions for printing before
they set their variables with values using the assignment operator
and run their code to illustrate the sequential order of execution
and the types of errors students make when programming.

In the third computational exercise, we changed the problem to
ask for the user’s name and the amount for investment as input
and to print the information to the screen. This exercise addressed
abstraction and generalizing algorithms from the CS standards and
reasoning abstractly and quantitatively from the mathematics stan-
dards. In the last exercise of Module 1, we introduced the concept
of repetition/looping using the context of calculating simple inter-
est for some number of years. We used a loop to repeatedly add
the interest to the investment and discussed the structure of the
loop. While introducing the CS concept of looping, this exercise
also covered the mathematical practices of thinking abstractly and
looking for and making use of structure.

3.6 Computational Exercises - Module 2

In the second module, we reinforced the concepts learned in the
first module using a different context. Since the graduate teacher
candidates were going to practice teaching the concepts from the
modules to 7th grade students, we used the concept of graphics from
CS to teach the concept of geometry and the practice of modeling
mathematics found in the 7th grade common core mathematics
standards. We used the turtle library in the Python programming
language to draw polygons. We started by showing the teacher
candidates how to draw lines and make the turtle turn. Then, we had
the teacher candidates draw a square on the screen. Next, we asked
them to generalize their program to draw squares of any size based
on input from the user to continue practicing abstraction. After
drawing squares, the teacher candidates drew an equilateral triangle
to uncover the patterns within the algorithms used for drawing
different shapes, such as the relationship between the angle degree
and the number of angles in a shape. Using their understanding
of the patterns between the algorithms for drawing a square and
triangle, the teacher candidates modified their algorithm to draw
any regular polygon based on the number of angles and length of the
sides entered by the user. This exercise allowed the graduate teacher
candidates to continue practicing all the CS concepts learned in first
module, while also exploring the concepts of geometry and graphics
using the mathematical practice of modeling in mathematics.

3.7 Data Collection & Analysis

To ensure our understanding and the validity of our interpretations,
we implemented data triangulation by collecting the groups’ writ-
ten responses to the questions on CANVAS, their responses to the
questions through the discussions in their groups using audio and
screen recordings, and whole class discussions for every day of the
intervention using a whole class audio/video recording. After trans-
ferring and converting all the data to file formats accessible from all
the researchers, we created transcripts using the audio recordings.
One researcher prepared a codebook using deductive coding. The
data segmentation was based on the change of the subjects, which
most of the times spanned many lines and different speakers. Thus,
in addition to the codebook, we included additional instructions
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for segmentation. Then together with a second researcher they per-
formed coding on 20% of the data resulting to an 86.6% inter-rater
reliability, which we considered high enough to continue with the
coding of the rest of the data. All the material related with the study
can be found in the Appendix.

4 RESULTS
4.1 Variables

Working with variables, the teacher candidates notice and reflect
on the differences on variable’s definition and how they are used
in mathematics and CS. They notice that the variables in CS have
different types, such as numbers, strings and Boolean values, where
in mathematics are mostly numbers. They understand that in CS
variables are storage spaces for values (data), thus it makes sense to
them that could be of different types of information that are stored.
Reflecting on applications of those different types in mathematics,
the teacher candidates said that strings can be used for representing
units in math equations, and Boolean values could be used in math
proofs and inequalities. The teacher candidates state that in the
mathematics instruction, precision in algorithms and the meaning
of variables are not discussed enough, resulting in students not
develop precise understanding about the variables. They state that
their students sometimes think of them as fixed things (values)
rather than something that changes. In contrast, they say that in
CS thinking about variables cannot be avoided because students
have to give them a name, a type and a value, enhancing this way
deeper understanding and awareness of what they represent in
their equations.

4.2 Equal Sign

When they are asked about the equal sign, the teacher candidates
state that in mathematics the equal sign represents relationships
between mathematical expressions. In contrast, in CS they use “=”
to define values for variables. They mention that the block-based
environment demonstrates the assignment property of the equal
sign very clear, where in mathematics writing “x=4" on paper they
would not think of it as 4 been assigned as a value of x. Further-
more, the teacher candidates notice that the equal sign in CS has
more structure than in mathematics, meaning that due to syntax
constrains in CS the equal sign is asymmetric. In mathematics, the
equal sign is symmetric, because of its definition as representing a
relationship, thus values and symbols can go on either side of the
operator. The teacher candidates engage their pedagogical knowl-
edge discussing how the differences between mathematics and CS
on the equal sign definition and use could help eliminate bad stu-
dent habits which make them assume that whenever an equation
includes an equal sign it means “solve”.

4.3 Simple Interest, Multiplication, Repetition

The teacher candidates are instructed to construct repetition struc-
tures where the products of the multiplications are calculated as
repeated additions. Seeing multiplications as repeated additions
exposes the underlying mechanics of multiplication, and the role
of each number involved in the operation, Fig. 5. The teacher can-
didates witness how the multiplication process changes based on
which number get multiplied as well as how the numbers change

Paris Kalathas and Jennifer Parham-Mocello

Figure 5: Multiplication exercises in BlockPy.

because of that. They also because familiar with what the required
pre-conditions and values are related with variables in CS before a
repetition begins. They discus about the names of each parameter in
mathematical operations, such as “multiplicand”, “multiplier” and
“product” stating that they rarely use those names in class with their
students. Also, the exercises teach the graduate teacher candidates
how to be precise with their equation representations. When it
comes to the CS concept of repetition, the exercises illuminate its
limitations related to the types of the parameters used as indices
being integers, forcing the teacher candidates to use the repetition
structures in only one way, which is something different of what
they experienced in mathematics.

4.4 Algorithm Development

The teacher candidates reflect on the precision in algorithm develop-
ment in CS, and that is not discussed enough in their mathematics
classes. Figure 6 shows an error debugging exercise which helped
the teacher candidates understand that even though all the infor-
mation are in their code, the code is not executing because it is
not in the right order. They identify that this may result in issues
with the introduction of CS. They understood that in CS the order
of operations is vital for the code execution, so the students will
need to change their habits when it comes to thinking about and
describing their algorithms and be more precise about which action
happens at each step.

4.5 Programming Environment

During the intervention, we pay attention on how the graduate
teacher candidates interact with BlockPy. Going through the work-
shop tour, the majority of the graduate teacher candidates became
comfortable using the tool, and they did not hesitate to explore
and tinker with the various blocks that were available in the block
instruction menu. They state that the puzzle pieces and the colors
made everything look more playful and nicer than the confusing
lines of code which is what they associate programming with. They
say that the split screen is very useful, because they could use the
environment they feel comfortable with, thus making the tool suit-
able for diverse audiences. They state that the language BlockPy
uses on the “Set” block to create variables reminds them the “Let”

Figure 6: Create and print variables - Error (Left), Create and
print variables - Correct (Right)
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statement in mathematics, which is something that they can lever-
age in their classes. Finally, we observe that the block instruction
menu helps the programming novices to find the instructions as
well as to the programming experienced teacher candidates since
most of their experience is with a different language.

4.6 Knowledge Integration Through Reflection

After analyzing the frequency and the timing our codes appear in
the transcripts, it shows that having a way to promote reflection
greatly enhances knowledge integration and the I-TPACK develop-
ment. While going through exercises and developing algorithms
may teach and provide programming practice to the teachers, re-
flection questions make them understand why things are the way
they are, in which ways they are related with other concepts in
the same discipline or others, and how they can be used to solve
problems or create new artifacts. The process of reflection is crucial
if we want the new knowledge to stay imprinted on teachers brains
so later they can develop their own material and successfully teach
CS. Figure 7 shows the number of connection each group makes
when they go through a computational exercise and going through
the reflection questions. The figure shows that the teacher candi-
dates make more connections during the reflection questions than
during the exercises, revealing that to develop Math + CS I-TPACK,
is not enough to go through CS material or develop digital artifacts.
Teachers need to experience Math + CS curricula and engage in
meaningful discussions to examine how the CS concepts are related
and used in mathematics. This trend is common for all the groups
regardless their previous experience with CS; however, the chart
shows that groups 1, 2, and 3, which are the groups with previous
CS experience make more connections than groups 4 and 5 which
are the groups with no CS experience.

4.7 Knowledge Domain Engagement Frequency

To examine the frequency each knowledge domain gets engaged we
visualize our codes using a pathfinder networks [33] which provide
spatial isolation of the less used codes, and bar charts for visualizing
the magnitude of each code based on how many times it is used. We
construct the pathfinder network and bar chart of all codes for each
group as shown in Figures 8 & 9. The Connections code is broad
thus we extract the codes from the Connections to examine which
knowledge domains are used as stand-alone domains, connected
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Figure 8: Knowledge domain connections made from each
group including connections
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Figure 9: Data analysis code distribution chart including con-
nections

with CS, or not used at all. The added codes are shown with lighter
colors on each bar. The graph shows that the Curriculum knowledge
domain is not used from the teacher candidates. In addition, the
graph shows that the PK domain is used only by group 3, and that
group 5 is the only group with limited number of codes. We believe
this is because group 5 was only formed for the second day as Table
1 shows, thus some of the code for group 4 are shared between
the four teacher candidates in groups 4 and 5. The bar chart shows
that the knowledge domains with the highest magnitude are the
mathematics content knowledge and the CS content knowledge
domains, which is expected since these are the most used knowledge
domains in the modules. Furthermore, the figure shows references
to the technological, pedagogical, and student knowledge domains
as well, which indicate the I-TPACK development.

5 DISCUSSION

In this chapter we examine how the teacher candidates’ mathemat-
ics TPACK transforms when mathematical concepts are integrated
with CS and CT. In the paragraphs below we discuss how the CS
content knowledge complements the teacher candidates’ existing
TPACK knowledge domains. Table 3 demonstrates the ways the
Technology, Pedagogy, Mathematical Content knowledge interact
with the CS Content knowledge developing the teacher candidates’
I-TPACK.

Reflecting on the concepts of Variable and Equal Sign, the teacher
candidates form connections between their mathematics and CS
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Table 3: Knowledge Domain Engagement and Integration

Mathematics

Technology - Pedagogy Computer Science

Variables
Placeholders
Values are numbers

Memory space for different types of data
Can be either numbers, strings, or Boolean
Meaning is emphasized due to their names
‘Working on variables in BlockPy makes
them more "changeable"

Equal Sign
Defines relationship
Symmetric

Defines/Assigns a value
Asymmetric

|

Simple Interest, Multipli R

Underlying operations are hidden
Parameter meaning is hidden

“Trace” illuminates the underlying operations
Parameter meaning in the operation is enhanced
Enforces clarity on operation definition

|

lgorithm Development

Execution order matters
Defining variables and their values is crucial

I

Progr ing Environment
Coding in text helps experienced teachers Dual modality promotes diversity
Blocks are less confusing than text in coding styles
Block menu enables exploration
‘Working with blocks is easy
Working with the puzzle pieces is enjoyable
BlockPy has similar language with Math

knowledge by identifying the differences and the similarities be-
tween the two fields. Working with the concepts from two different
perspectives causes their definitions and properties to expand. Cre-
ating connections between fields is important for improving the
teachers’ lateral curricular knowledge as it is defined by Shulman in
1986 [34]. Furthermore, connecting knowledge between disciplines
develops deeper understanding of the concepts which enriches
teaching [13]. The graduate teacher candidates argue that they
could adopt ideas from the use of variables and the equal sign in
CS to emphasise mathematical concepts that sometimes get over-
looked from their students. Through the error handling exercises,
the graduate teacher candidates built a strong understanding about
the strict nature of programming, and they identify which math-
ematical properties cannot be transferred in CS. Emphasizing on
these differences and reasoning about them helps them develop a
deep understanding of those concepts and helps them build their
confidence working with the CS concepts.

The graduate teacher candidates engage their pedagogical knowl-
edge identifying its intersection with the CS content knowledge
and using that to find ways to help their students develop a broader
understanding about mathematical concepts in their classes. They
state that utilizing the strict syntax of programming they can elimi-
nate students’ misconceptions and enforce formal procedures when
going through exercises. Furthermore, the CS concept of repeti-
tion can be used when teaching the concepts of Simple Interest and
Multiplication as a pedagogical tool for precise representation of
the operations and to examine the underlying mechanism of those
operations. Furthermore, they engage in discussions about the way
the parameters change during the operation execution and what
effect do the properties of multiplication have on that change.

We argue that the selection of the tool based on the programming
language and the programming modality plays an important role on

Paris Kalathas and Jennifer Parham-Mocello

how teachers and students communicate and interact with CS con-
cepts developing their I-TPACK knowledge. Even though BlockPy
is not as developed as other tools for teaching CS, its unique char-
acteristics, such as the split screen and Python as the underling
language are appreciated by the teacher candidates because they
promoted diversity on the way they interact with the exercises. In
addition, using a programming language that students of higher
classes use ensures the relevant of the tool through out the teach-
ers’ careers. The trace feature was extensively used by the teacher
candidates when working with the concepts of Simple Interest and
Multiplication to understand the underlying operations of the mul-
tiplication. The teacher candidates argue that this was very helpful
for them to learn because stepping through the algorithm brakes
complex operations down to simple ones, easy to understand steps
observable by the students.

The code analysis reveals that knowledge integration does not
happen automatically or on every exercise. In contrast, there are
only few instances when it happened during the exercises, showing
that reflection questions and discussions are important for engaging
domains that may not be engaged during the computation exercises.
Knowledge integration requires explicit prompts and questions that
promote thinking about the concepts from multiple perspectives,
resulting in developing a new, broader perspective.

6 LIMITATIONS

This study explores graduate teacher candidates’ interdisciplinary
Math + CS TPACK development in the context of a 3-day interven-
tion. The study is limited in sample size and diversity on both the
participants and the disciplines selected for combining with CS. In
addition, the group formation was made based on previous knowl-
edge of the graduate teacher candidates’ behavior. These limitations
prevent us from making any generalizable claims; however, we be-
lieve the study provides a good starting point for future research
in expanding teacher candidates’ existing TPACK knowledge in CS
within other disciplines.

7 CONCLUSION

In this study we explored how graduate teacher candidates in a
teaching methods course engage with Math + CS modules designed
to develop their interdisciplinary Math + CS TPACK. Using our
three design principles, coordination of complexity, contextualiza-
tion of terms and concepts, and iteration to abstraction we created
modules with computational exercises that integrate CS concepts
into mathematics. Our results show that the graduate teacher can-
didates engaged in meaningful discussions about how the CS con-
cepts and tools can fit in their instruction and what affordances they
bring. They created connections between their existing mathemat-
ics TPACK knowledge and the newly acquired CS content knowl-
edge forming an interdisciplinary Math + CS TPACK. Although this
was a short intervention with a small sample of graduate teacher
candidates it revealed that the CS integration in other fields can
be achieved, allowing teachers specialised in other fields to teach
CS where teachers specialized in CS are not available. A critical
role in the X + CS curricula development is the partnerships of
CS and education researchers with K-12 educators to examine and
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provide deep understanding of the CS concepts, how these concepts
intersect their field and develop their X + CS I-TPACK.
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